Abstract. Ismail et al. (Constr. Approx. 15 (1999) 69-81) proved the positivity of some trigonometric polynomials with single binomial coefficients. In this paper, we prove some similar results by replacing the binomial coefficients with products of two binomial coefficients.
Introduction
Motivated by Bressoud's generalization of Borwein's conjectures (see [1, 4, 5] ), Ismail, Kim and Stanton [7] proved that the trigonometric polynomial are polynomials in 1 + cos(x) with nonnegative integral coefficients
Ismail et al. [7] generalized their formula (1.1) to arbitrary polynomials. In the last section, we shall give such generalizations of Theorems 2.3 and 2.4. It is interesting to notice that all the formulas given in [7, Section 2] are valid mutatis mutandis.
Finally we recall the 2 F 1 (1) or Chu-Vandermonde summation formula (see [2, p. 67 ]):
where
2 Proof of Theorem 1.1
A lattice path in the plan consists of unit steps of two types: in the north and east directions. It is convenient to encode lattice paths by binary words on the alphabet {0, 1}. For any word u on {0, 1}, let |u| i denote the number of occurrences of i ∈ {0, 1} in the word u, and |u| the length of u. Designate by M m,n the set of words u on {0, 1} such that |u| 1 = m and |u| 0 = n. Clearly the cardinality of M m,n is m+n n . Throughout of this section we shall assume that |M − N| ≤ k. For any integer l let
Proof. Since the cardinality of W l is
l , the total weight of W is given by (1.3).
Let
As |M − N| ≤ k, the hypothesis −k < |u| 1 − |v| 1 < k implies that l = 0. It remains to define a sign-reversing killing involution on W \ W ′ , which reduces (1.3) to the cardinality of W ′ . For any (u, v) ∈ W \ W ′ , since u j − v j ∈ {0, ±1}, there exists some s > 0 such that
Picking the smallest such s and exchanging the first s letters in u and v, we obtain u
and they have the same s.
Similarly, we can prove the following result.
Proposition 2.2. The number of bi-words
For any (u, v) ∈ W l , we have |u| 1 − |v| 1 = M − N − 2kl. So we can uniquely factorize u and v into a product of subwords u (1) , . . . , u (s+1) and v (1) , . . . , v (s+1) , respectively, with the largest s, such that |u
is of class p and denote by W l (p) the set of elements in W l of class p. Define the set
where b p is the cardinality of B p .
Proof. Setting x = π in (2.2) we see that b 0 ≥ 0 by Proposition 2.1. Assume that p ≥ 1. Writing cos(lx) = T l (cos x), where
is the Chebyshev polynomial of the first kind [2, p. 101], we see that the coefficient b p in (2.2) is equal to
Therefore b p is the weight function of the set W = ∪ |l|≥p W l of bi-words on {0, 1} with each term in W l weighted by
As the weight is 0 for |l| < p, we may assume that |l| ≥ p > 0. We will show that many of the terms (with weights) in W are summed to be 0. Moreover, all the other terms (with weights) will have |l| = p, and are thus positive. By symmetry, we may assume that N ≥ M. Let (u (1) , . . . , u (s) ; v (1) , . . . , v (s) ) be the k-factorization of (u, v) ∈ W. If all the quantities |u (j) | 1 − |v (j) | 1 (1 ≤ j ≤ s) are equal, we say that (u, v) is a good guy, otherwise it is a bad guy.
• Assume that N = M. Suppose that (u, v) ∈ W l is a good guy. Then s = 2|l|. For any 0 ≤ r ≤ |l| − p, if we choose r pairs (u (j) , v (j) ) and exchange v (j) and u (j) , then we obtain the k-factorization of a term (u
If ℓ := |l| > p, this sum can be written as
which is easily seen to be zero from the 2 F 1 (1) evaluation (1.7).
Note that any bad guy in ∪ |l|≥p W l can be obtained from a good guy (u, v) by exchanging some factors u (j) and v (j) in its k-factorization. It remains only to consider the good guys (u, v) in W −p ∪ W p .
Since w(±p, p) = 2 p−1 , each term in W −p ∪ W p must be counted 2 p−1 times. We now give a surjection from the set B p to the set of good guys in W −p ∪ W p so that each term in the latter has 2 p−1 preimages. Suppose that (u, v) ∈ W 0 has class p and (
) be its k-factorization. Then there are exactly 2 p−1 preimages of (u, v) obtained by exchanging u (j i ) and v (j i ) , where j i = 2i − 1 or 2i for all i = 1, . . . , p − 1, and j p = 2p. This completes the proof of the N = M case.
• Assume that N > M. By definition M + k ≥ N. Let (u, v) ∈ W l be a good guy.
Then (u, v) has 2|l| or (2|l| − 1) k-segments if l < 0, and 2|l| or (2|l| + 1) k-segments if l ≥ 0. We can again choose any r of the pairs (u (j) , v (j) ) in the k-factorization of (u, v) and exchange v (j) and u (j) . The cases of 2|l| k-segments sum to zero as before. What remain are the cases of (2|l| − 1) k-segments for l < 0 and of (2|l| + 1) k-segments for l ≥ 0. The appropriate sum of weights is given as follows: It is easy to see that each term in (a) and (b) has 2 p−1 preimages.
This completes the whole proof.
Theorem 2.3 has the following sister theorem.
